We investigate Dirac mass matrices derived in the gauge field theory of a horizontal symmetry generated by a central extension of the Pauli algebra. Through numerical analyses of the observed data of the charged fermion masses and the flavor mixing matrix of quarks, values of free parameters in the mass matrices are determined and several empirical relations are found among the Yukawa coupling constants. As one specific feature of the theory, we find different orderings in squared mass eigenvalues for the up and down quark sectors. §1. Introduction
§1. Introduction
The Standard Model (SM) of particle physics possesses no principle to lay any restriction on the pattern of the Yukawa interactions. Nine complex coupling constants are treated as free parameters in every four sectors consisting of three generations of quarks and leptons. One way to describe order and variety of the generational structure is to postulate a gauge symmetry called the horizontal symmetry. 1), 2) In the previous paper, 3) one of the present authors has proposed a gauge field theory of a new horizontal symmetry. The purpose of this paper is to investigate the Dirac mass matrices derived in the theory and make numerical analyses of the mass spectra of the charged fermions and the flavor mixing matrix (FMM) of quarks.
The horizontal (H) symmetry of the theory 3) is postulated to be described by the Lie group generated by a central extension of the Pauli algebra which was found in investigating the FMM of quarks and leptons. 4), 5) The algebra consisting of four generators has the central element identified with the democratic matrix 6) which can create hierarchical mass spectra of fundamental fermions. The number of the Yukawa coupling constants of the theory is reduced to 4/9 of that of the SM. Through spontaneous breakdown of the symmetry, the theory leads to the Dirac mass matrices M f for the sector f with definite electric charge.
The matrix M f with unique non-Hermitian structure possesses four unknown complex parameters. To deduce information on the f sector, we must solve the eigenvalue problem of the Hermitian matrix M f M † f . It should be noticed that unspecified quantities involved in these Hermitian matrices are reduced down to ten real parameters. Consequently, numerical analysis on the experimental data 7) on the six masses and four FMM parameters of the quark sector enables us to determine the values of ten real parameters, from which we find several empirical relations among the Yukawa coupling constants.
The Dirac mass matrices deduced from the Lagrangian density of the Yukawa interactions are shown explicitly in §2. We describe formalisms for the eigenvalue problem of M f M † f in §3 and §4. Different mass orderings in the up and down quark sectors are explained in §5. In §6, values of the parameters in the mass matrices are determined by numerical analysis and specific empirical relations are found among the Yukawa coupling constants. Discussion is given in §7 and functional dependence among parameters and mass eigenvalues is examined in Appendix. §2. Dirac mass matrices
In the low energy region less than the electroweak scale v = 246 GeV, 8) the gauge field theory of the H symmetry provides the effective theory for flavor phenomenology. Breakdowns of the H and electroweak symmetries lead to the Lagrangian density for Dirac masses of the quarks and leptons in the following forms 3)
in which Ψ f L,R are chiral fermion fields and M f is the Dirac mass matrix. For the up sectors (f = u, ν) of the electroweak symmetry, the mass matrix is given by
is the democratic element. 6) The four coefficients in the mass matrix are expressed in terms of the Yukawa coupling constants Y f i and the vacuum expectation value v of the scalar field as
where
In order to diagonalize the non-Hermitian mass matrix M f , it is necessary to have recourse to the bi-unitary transformation 9)
To derive the mass eigenvalues and the diagonalizing matrix V f L , it is necessary to solve the eigenvalue problem for the self-adjoint matrix
for each charged fermion sector (f = u, d, e). The diagonalizing matrix V f L is obtained in terms of the eigenvectors |v (f )i and the FMM of the quark sector is constructed by 
which are eigenvectors of the democratic elementD. With these bases, the eigenvector in (2 . 6) is expanded as
For the up quark sector, (2 . 6) is rewritten for the coefficients of |v (u) as
3) where C u = c u + a u . Similarly, for the down quark sector, we obtain
for the coefficients of |v (d) , where
To clarify the counting of independent parameters in these equations and the FMM, we define phase factors by
(3 . 5) and introduce the diagonal phase matrix
for the f sector to adjust phase factors. By separating the diagonal phase matrices, the eigenvectors of (3 . 3) and (3 . 4) are found, respectively, in the forms
and
where m 
consisting of the vectors u f j , the FMM for the quark sector is calculated to be
with the diagonal phase matrix
This FMM includes unknown parameters of eight real numbers and two phases. The secular equations for the eigenvalue problems in (3 . 3) and (3 . 4) work to fix six real parameters in terms of the mass eigenvalues. Consequently, two real numbers and two phases remain unspecified in the FMM for the quark sector. §4. Eigenvalue problem 2: Mass spectra of charged fermions
Since the secular equations for both of the eigenvalue problems in (3 . 3) and (3 . 4) take the same form, the suffix f is omitted for all quantities in this section and the Appendix. In terms of the shifted variable s = m 2 − |a| 2 , the secular equation is obtained as
Let us solve this equation by the Cardano method. Introducing the dimensionless quantities
and changing the variable by s = |ab 1 b 2 | 2 3 (t + P ), we obtain the reduced proper equation without the second order term as follows:
One solution of this equation is determined as t = t + +t − by the sum of two quantities t + and t − which are subject to the relations
In the analysis below, it is appropriate to use the polar representation t + = ρe i|θ| and t − = ρe −i|θ| in which ρ and θ are expressed, in terms of P and Q, as
Then, the three solutions of (4 . 4) are derived to be
where ω = exp(i2π/3). In this way, we have solved the eigenvalue problems in (3 . 3) and (3 . 4) obtaining the squared masses as follows: 9) where the parameter
is introduced to simplify the expressions. As confirmed below, the magnitude of the angle |θ| must be sufficiently small for the mass spectra to have hierarchical structure. Here, it is crucially important to note that the squared masses have orderings m 2 1 < m 2 2 < m 2 3 and m 2 2 < m 2 1 < m 2 3 , respectively, for θ > 0 and θ < 0.
The squared masses in (4 . 9) depend on the four real quantities |a| 2 , |b 1 | 2 , |b 2 | 2 and |C| 2 . In the present analysis, we interpret inversely that |b 1 | 2 , |b 2 | 2 and |C| 2 are functions of the masses and the parameter |a| 2 . Then, all quantities for the quark FMM are determined in terms of the observed quark masses and the independent parameter |a|. (See the Appendix).
In the following sections, we make numerical analysis of the quark FMM by using experimental values of quark masses as inputs and by adjusting the independent parameters |a u | and |a d |. The observed FMM of the quark sector has the prominent feature that the matrix elements decrease rapidly for each step away from the diagonal. To reproduce such characteristics, both of the orthogonal matrices O u L and O d L in (3 . 9) must approximately be close to the unit matrix. Accordingly, as a step for the FMM analysis, it is reasonable to examine numerically which of the solutions characterized by θ > 0 and θ < 0 in (4 . 9) and the associated eigenvectors in (3 . 7) and (3 . 8) can bring the orthogonal matrix nearer to the unit matrix.
Let us apply the positive-θ solution with the experimental mass values in (5 . 1) to examine the orthogonal matrices. For the down quark sector, it is proved that all of the diagonal elements of the matrix O d L can approach to the unit for small value of |a d |. Contrastingly, for the up quark sector, some of the diagonal elements of the matrix O u L is shown to be quite smaller than 1 for any value of |a u |. The situation reverses completely for the negative-θ solution. Numerical calculations with the negative-θ solution show that, while O u L approaches to the unit matrix by adjusting |a u |, O d L can not be made close to the unit matrix for any value of |a d |. Accordingly, it is necessary to choose the positive-and negative-θ solutions, respectively, for the down and up quark sectors to reproduce the experimental results of the quark FMM. The masses and state vectors of the observed down quark members (d, s, b) must be described by the positive-θ solution with normal ordering as follows:
As for the observed up quark members (u, c, t), their masses and state vectors have to be identified with the quantities of the negative-θ solutions with partly-reversed ordering as follows:
In the present theory, it is crucial to accept these interpretations of the solutions of the eigenvalue problems in (2 . 6). §6. Hierarchical structure of the Yukawa coupling constants As shown in the Appendix, the quantities |b f 1 |, |b f 2 | and |C f | are expressed in terms of the masses and the adjustable parameter |a f | 2 in the hierarchical approximation (m for the CP violation. The values of all parameters for the best fit found above are listed in Table I . Results in Table I show clearly that the real parameters satisfy the hierarchical orderings |a f | 2 ≪ |b f 1 | 2 ≪ |b f 2 | 2 ≪ |C f | 2 for each quark sector. By making more careful comparison among them, we find approximate relations
which result readily in interesting empirical relations 5) among the four Yukawa coupling constants. The largest quantity in Table I is |C f | for both quark sectors. Note that the original parameter c f in the mass matrix M f can appear only through the quantity C f , as C u = c u + a u and Using v = 246 GeV and the data in Table I , we are able to fix the magnitudes of the Yukawa coupling constants of the quark sectors as in Table II . In the somehow crude approximation for |c f |, the constant |Y f 4 | have comparatively large uncertainty. Table II Thus far, the Yukawa coupling constants of quark sectors are calculated so as to recreate the observed data of the quark FMM. This approach is not applicable, as it stands, to the lepton sector. Here, let us find an approximate scheme with less numbers of adjustable parameters based on the benefit of hindsight on the empirical relations in (6 . 5) and apply it to analyze the masses of charged leptons.
For its purpose, we introduce a new variable β by the equations explain all observed data within the range of experimental errors. In fact, by using the values of seven quantities in Table III, for the magnitudes of the quark FMM elements and the Jarlskog parameter.
For both sectors of the down quark and the charged lepton, the Dirac mass matrices take the common forms in (2 . 4) . To analyze the masses of the charged leptons in this approximate scheme, we assume that the empirical equations related to the down quarks in (6 . 4) hold also in the charged lepton sector. Then, following the equations in (6 . 6), we introduce a new variable β e by the relations |b e1 | = 9β e , |b e2 | = 9
2 β e (6 . 9) and analyze the charged lepton masses in terms of the three parameters |a e |, |C e | and β e . Numerical estimation shows readily that the charged lepton masses 10), 11) m e = 0.4866 MeV, m µ = 102.7 MeV, m τ = 1746 MeV (6 . 10)
can be reproduced by adjusting the parameters as follows:
, |C e | = 1197, β e = 11.06 (6 . 11) from which the Yukawa coupling constants for the charged lepton sector can be fixed provided that |c e | ≈ |C e |. The results are included in Table II . Fig.1 shows behavior of the Yukawa coupling constants of charged fermion sectors. We have investigated the non-Hermitian mass matrices M f in (2 . 2) and (2 . 4) deduced in the gauge field theory of the horizontal symmetry generated by the central extension of the Pauli algebra. While the matrix M f possesses four complex unknown parameters, the Hermitian combination M f M † f depends on four real numbers and two phases. Owing to this fact, we are able to make numerical analyses on the problem of the six quark masses and the quark FMM with four parameters.
To solve the problem effectively, six real parameters are interpreted as functions of quark masses and remaining two parameters. Using the observed masses as inputs and adjusting values of two independent parameters and two phases, we have reproduced the observed FMM and succeeded to calculate the Yukawa coupling constants. By careful examination of the numerical results, empirical relations in (6 . 5) are found among the coupling constants for the quark sector. It is beyond the scope of the present theory to elucidate physical implications of those relations.
The estimated values of the Yukawa coupling constants in Table II show novel orderings with sizable amount of variation. It should be noticed that the largest ratio between the coupling constants, |Y u3 |/|Y u1 | ∼ |Y u4 |/|Y u1 | ∼ 10 3 , is considerably smaller than that between the observed quark masses m t /m u ∼ 10 5 . This means that varieties observed directly in the low energy flavor physics are much reduced at the level of the coupling constants of the Yukawa interactions.
All results of numerical analyses so far were obtained in the hierarchical approximation (m ) by using the formulae in the Appendix which express |b f 1 |, |b f 2 | and |C f | as functions of |a f | 2 . It should be noticed, however, that we are able to find almost the same results by adjusting the values of real quantities |b f 1 |, |b f 2 |, |C f | and |a f | 2 and two phases µ and ν.
The squared masses of the charged fermions are derived in the exact formula in (4 . 9). Depending on the sign of the angle θ, the formula has the solutions with normal and partly-reversed orderings in (5 . 2) and (5 . 3). As confirmed in §5, we have to describe the down and up quark states by the normal and partly-reversed solutions, respectively, in order to reproduce the observed FMM. This is one of unique features of the present formalism for the horizontal gauge symmetry.
We made a speculative analysis of the charged lepton masses by postulating hypothetical relations (6 . 9) as analogues of the equations for the down quark sector in (6 . 6). To proceed a full investigation on the charged and neutral lepton sectors, however, it is required to solve the combined eigenvalue problem which involves not only the Dirac mass matrices but also the Majorana mass matrix deduced for the neutrino sector. 3) We will study this problem in near future.
